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We theoretically demonstrate that the chiral structure of the nodes of nodal semimetals is re-
sponsible for the existence and universal local properties of the edge states in the vicinity of the
nodes. We perform a general analysis of the edge states for an isolated node of a 2D semimetal,
protected by chiral symmetry and characterized by the topological winding number N . We derive
the asymptotic chiral-symmetric boundary conditions and find that there are N+1 universal classes
of them. The class determines the numbers of flat-band edge states on either side off the node in the
1D spectrum and the winding number N gives the total number of edge states. We then show that
the edge states of chiral nodal semimetals are robust: they persist in a finite-size stability region of
parameters of chiral-asymmetric terms. This significantly extends the notion of 2D and 3D topolog-
ical nodal semimetals. We demonstrate that the Luttinger model with a quadratic node for j = 3
2
electrons is a 3D topological semimetal in this new sense and predict that α-Sn, HgTe, possibly
Pr2Ir2O7, and many other semimetals described by it are topological and exhibit surface states.
Introduction. Edge states in 2D nodal semimetals
have been demonstrated in numerous theoretical calcula-
tions [1–16], mainly for models describing monolayer and
bilayer graphene. Their existence is attributed [15, 16]
to the topological invariants characterizing the nodes, the
winding numbers N , which are well-defined in the pres-
ence of chiral symmetry. Still, up to now, the general
structure of the edge states of chiral-symmetric 2D nodal
semimetals and its relation to the winding numbers have
not yet been explicitly established for arbitrary N .
In this Letter, we carry out this task locally in the Bril-
louin zone (BZ), by performing a general analytical anal-
ysis of the edge states in the vicinity of an isolated node.
As the main advancement, we derive the most general
form of the asymptotic boundary conditions (BCs) that
respect chiral symmetry. We find that there are N + 1
discrete universal classes of them. These classes describe
all possible universal structures of the edge states (Fig. 1)
and establish their connection to the winding number N .
We then address the stability properties of the edge
FIG. 1: Universal local structure of the edge states of 2D
chiral-symmetric nodal semimetals, with the Hamiltonian HˆN
[Eq. (1)] and boundary conditions (9) of classes (Na, Nb), il-
lustrated for (a) N = 1 and (b) N = 2. There are Na,b flat
edge-state bands (red) on the two sides off the node and their
total number Na+Nb = N is equal to the winding number; for
(2, 0) and (0, 2), the degenerate bands are split for visibility.
states and show that they are robust under the effects of
chiral symmetry breaking. This allows for a significant
extension of the notion of a topological nodal semimetal
in both 2D and 3D. As an important application of the
developed framework, we demonstrate that the Luttinger
model [17] with a quadratic node for j = 32 electrons, de-
scribing materials like α-Sn [18–20], HgTe [18–20], and
Pr2Ir2O7 [21], exhibits surface states and is a 3D topo-
logical semimetal in this new more general sense.
2D chiral-symmetric nodal semimetal. First, we con-
sider an isolated chiral node of a 2D semimetal arising
at some point in the BZ from a degeneracy of two elec-
tron levels, to be denoted a and b. We assume that
the Hamiltonian for the two-component wave function
ψˆ = (ψa, ψb)
T has the form
HˆN (px, py) =
(
0 pN−
pN+ 0
)
, p± = px ± ipy, (1)
to the leading order in momentum (px, py) in the vicinity
of the node; N is a positive integer.
The Hamiltonian has chiral symmetry [16]: under the
transformation
ψˆ → τzψˆ, τz = diag(1,−1), (2)
it changes its sign, τzHˆN (px, py)τ
†
z = −HˆN (px, py). Due
to chiral symmetry, HˆN is characterized by a well-defined
topological invariant, the winding number N , [16] related
to the Berry phase piN .
We stress that the winding numberN is a local topolog-
ical characteristic of the node in the BZ. The properties
of the edge states that we study are also local, and we
do not address the reasons for the existence of the node.
We assume that the node is isolated from possible other
nodes at different points in the BZ, also in the presence
of the edge [22].
Universal asymptotic chiral-symmetric boundary con-
ditions. We first derive the most general form of the BCs
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2for the Hamiltonian HˆN that satisfy chiral symmetry.
This derivation is free of any microscopic assumptions
and, beside chiral symmetry, invokes only two natural re-
quirements: long-wavelength limit and vanishing of the
probability current perpendicular to the boundary.
We assume the sample occupies the half-plane y >
0. Since the Schro¨dinger equation HˆN (pˆx, pˆy)ψˆ = ψˆ
(pˆx,y = −i∂x,y) is a differential equation of order N in
each component ψa,b, BCs at the boundary y = 0 are
a set of N linear homogeneous (meaning that the lin-
ear combinations are equated to zero) relations for the
derivatives ∂nyψa,b ≡ ∂nyψa,b(x, y = 0), n = 0, . . . , N − 1
(∂0yψa,b = ψa,b being the components themselves); we
drop the arguments of the functions in the BCs formulas
for brevity.
The long-wavelength limit means the following. Any
linear relation involving derivatives of different order nec-
essarily contains spatial scales. Consider, for example, a
relation ∂yψa+l∂
2
yψa = 0, characterized by a spatial scale
l. In the long-wavelength limit, at spatial scales larger
than l, the second term l∂2yψa becomes negligible and the
relation reduces to ∂yψa = 0. Thus, in the BCs satisfy-
ing the requirement of the long-wavelength limit, to be
referred to as asymptotic BCs, only the derivatives of the
same order can be present in one relation. Therefore, for
a given order n, there is either no BCs, or one BC
can∂
n
yψa + cbn∂
n
yψb = 0 (3)
with dimensionless coefficients can,bn, or two BCs
∂nyψa = 0 and ∂
n
yψb = 0 (4)
with both derivatives vanishing individually.
Demanding chiral symmetry, we find that BC (3) re-
mains invariant under the transformation (2) only if one
of the coefficients can,bn is zero, so that BC (3) reduces
to either
∂nyψa = 0 or ∂
n
yψb = 0.
Combined with the possibility (4), we find that under
chiral symmetry the most general form of the asymptotic
BCs is when some N out of 2N derivatives are individu-
ally nullified:
∂nyψλ = 0, (λ, n) ∈ Λ. (5)
Here, λ = a, b and n = 0, . . . , N − 1, and Λ is a subset of
size N of 2N indices (λ, n) labelling the said derivatives.
These CN2N types of BCs can be sorted into N + 1
groups (Na, Nb) with Na,b = 0, ..., N , such that
Na +Nb = N, (6)
according to the numbers Na,b of constraints imposed on
the derivatives ∂nyψa,b of a given component.
Finally, the hermiticity of the full Hamiltonian de-
mands that the probability current perpendicular to the
boundary must vanish at the boundary
jy(x, y = 0) = 0. (7)
The expressions for the probability current for HˆN
[Eq. (1)] read [see Supplemental Material (SM) [23]]
jy = −i(j+ − j∗+), j+ =
N−1∑
n=0
(pˆN−1−n+ ψa)
∗pˆn−ψb. (8)
The bilinear form (7) must vanish identically for any ψˆ.
Inspecting Eq. (8) [23], we find that, for a given group
(Na, Nb), only one BC among (5) is allowed, the one with
the lowest-order derivatives nullified:
ψa, . . . , ∂
Na−1
y ψa, ψb, . . . , ∂
Nb−1
y ψb = 0. (9)
These are all possible asymptotic chiral-symmetric
current-conserving BCs for the chiral-symmetric Hamil-
tonian HˆN [Eq. (1)]. There are N + 1 classes (Na, Nb)
of them. This is the first key result of this work. For
N = 1, 2, all BC classes (Na, Nb) are shown in Fig. 1.
Edge states and the winding number N . Further, the
edge states for the Hamiltonian HˆN [Eq. (1)] and BCs
(9) can be found explicitly [23]. Taking the plane-wave
form ψˆ(x, y) = ψˆ(px, y)e
ipxx with momentum px along
the edge, we find Nb edge-state solutions
ψˆn(px > 0, y) = (1, 0)
Tyne−pxy, n = Na, . . . , N − 1,
at px > 0 and Na edge-state solutions
ψˆn(px < 0, y) = (0, 1)
Tyne+pxy, n = Nb, . . . , N − 1,
at px < 0. All solutions have zero energy  = 0 and thus
represent flat bands.
Thus, we have shown that for a 2D chiral-symmetric
nodal semimetal with both the bulk Hamiltonian
[Eq. (1)] and BCs [Eq. (9)] obeying chiral symmetry, a
set of flat-band edge states always exists asymptotically
in the vicinity of an isolated node. The sum of the num-
bers Na,b of the edge-state bands on both sides px ≷ 0 off
the node in the 1D edge spectrum is equal to the winding
number N , Eq. (6) and Fig. 1. This is the second key
result of this work [27].
And so, the total number of the edge-state bands is
determined solely by the local in the BZ bulk character-
istic of the node, the winding number N , irrespective of
the chiral BC class (Na, Nb), which determines the num-
bers of the edge-state bands on either side off the node.
The specific class (Na, Nb) is in general determined by
the bulk Hamiltonian also away from the node, as well
as by the orientation and microscopic structure of the
edge. Still, (Na, Nb) are also topological numbers, since
they cannot be changed by continuously changing the
30
FIG. 2: (a),(b),(c) Edge states of the chiral-asymmetric
quadratic Hamiltonian Hˆβ2 [Eq. (10)] with chiral-symmetric
BCs (11) of class (1, 1): (a) Edge-state stability phase diagram
in the parameter plane (βz, β0); dashed line |βz|/|β⊥| = 1/
√
3
corresponds to the O(3)-symmetric Luttinger model; (b),
(c) Edge states (12) (red) for (βz, β0)/|β⊥| = 1√3 (1, 0) and
1√
3
(1, 1.7) in the stability regions 2 and 1 with two [E±(px)]
and one [E−(px)] bands, respectively. (d) Surface states (red)
of the Luttinger model HˆL(p) [Eq. (13)] with BCs (14) for
y > 0 sample at pz = 0 for the parameters of HgTe with
neglected inversion asymmetry.
system parameters or surface orientation while preserving
the chiral symmetry. Changes in the numbers (Na, Nb)
of the edge-state bands can occur by changing the sur-
face orientation only when projections of different nodes
onto the surface collapse, which necessarily requires the
presence of more than one node in the BZ. The BC class
(N/2, N/2), however, possible for even N , could be real-
ized for just a single node in the whole BZ; the BC class
(1, 1) will be relevant below.
Stability of chiral-symmetric edge states under breaking
of chiral symmetry. The found edge states of a 2D chiral-
symmetric nodal semimetal [Eqs. (1) and (9)] are stable
under the effects of chiral-symmetry breaking. Both the
bulk Hamiltonian and BCs may contain terms that break
chiral symmetry, making them deviate from their chiral-
symmetric forms (1) and (9). As chiral-asymmetric terms
are introduced, edge states can disappear only by merg-
ing with particle or hole continua of bulk states. Since
for preserved chiral symmetry the flat edge-state bands
are positioned at  = 0, it takes finite strength of chiral-
asymmetric terms to force edge states merge with bulk
states. We thus introduce the notion of the stability re-
gion of chiral-symmetric edge states: it is a finite-size re-
gion in the parameter space of chiral-asymmetric terms
around the point of chiral symmetry, within which edge
states persist. This is the third key result of this work.
We illustrate the effect of the chiral asymmetry of the
bulk Hamiltonian for N = 2 by considering the model
Hˆβ2 (px, py) =
(
(β0 + βz)p+p− β⊥p2−
β⊥p2+ (β0 − βz)p+p−
)
(10)
with complex β⊥ and real β0,z. The terms due to β0,z
break chiral symmetry; at β0,z = 0, Hˆ
β
2 reduces to the
chiral-symmetric form Hˆ2 [Eq. (1)]. The bulk spectrum
of Hˆβ2 is ε±(p⊥) = (β0±
√|β⊥|2 + β2z )p2⊥, p2⊥ = p2x + p2y.
For β20 < |β⊥|2+β2z , the system is in the nodal semimetal
regime we will focus on, with particle and hole bands.
We calculate the edge states for chiral-symmetric BCs
ψa, ψb = 0 (11)
of class (1, 1), Fig. 1(b). We obtain [23] the edge-state
dispersion relations
E±(px) = 2|β⊥|β0|β⊥| ± βz
√
|β⊥|2 + β2z − β20
|β⊥|2 + β2z
p2x, (12)
at px ≷ 0, respectively, Fig. 2(a),(b),(c). In the plane
(βz, β0) of chiral-asymmetry parameters, Fig. 2(a), the
semimetal region |β0| <
√|β⊥|2 + β2z consists of three
subregions 2,1,0, labelled according to the numbers of
the edge-state bands: stability region 2 (green), which
contains the point of chiral symmetry β0,z = 0, and in
which both bands E±(px) at px ≷ 0, originating from
the chiral-symmetric edge states of the BC class (1, 1)
[Fig. 1(b)], persist, Fig. 2(b); stability region 1 (orange),
where only one of the bands E±(px) on one side off px = 0
exists, Fig. 2(c); and region 0 (magenta), where the edge
states are absent. Regions 2 and 1 and regions 1 and 0 are
separated by the curves |β0| = ± |β⊥|
2−β2z√
|β⊥|2+β2z
, respectively.
We illustrate the effect of chiral asymmetry of the BCs
for the linear node (N = 1) in SM [23].
Extended notion of 2D and 3D topological nodal
semimetals. The above findings offer a significant exten-
sion of the notion of a 2D topological nodal semimetal:
one may regard a 2D nodal semimetal as topological if it
belongs to the stability region of some chiral-symmetric
2D nodal semimetal. The edge states of the latter are en-
sured by a well-defined topological invariant, the winding
number N . Yet, exact chiral symmetry is not required,
and the edge states will persist in the former as long as
chiral-symmetric terms are dominant. The above exam-
ple, Eqs. (10) and (11), Fig. 2, is a 2D topological nodal
semimetal in this sense. This definition is then readily
extended to 3D: one may regard a 3D nodal semimetal as
topological, if its 2D reductions to at least some planes
in momentum space passing through the node(s) are 2D
topological nodal semimetals in the above sense. In this
case, the 3D nodal semimetal will exhibit surface states
of topological origin [28].
This viewpoint has wide-reaching implications, since
chiral terms are ubiquitous in the Hamiltonians of 2D
and 3D nodal semimetals, though exact chiral symme-
try is not necessarily present. It allows one to prove
the existence and topological origin of the edge or sur-
face states in semimetal systems by relating them to 2D
chiral-symmetric models, even in cases when a precise
topological invariant may be hard or impossible to de-
fine.
Luttinger model for j = 32 electrons as a 3D topological
semimetal. One important example of a 3D semimetal
4with a quadratic node that may be regarded as topolog-
ical in this new sense is the 4-band Luttinger model [17]
(LM) for electrons with j = 32 angular momentum (Lut-
tinger semimetal):
HˆL(p) = (α0+
5
2αz)p
21ˆ4−2αz(Jˆ·p)2+αMˆ(p). (13)
Here, 1ˆ4 is the unit matrix of order 4, and Jˆ = (Jˆx, Jˆy, Jˆz)
are the angular-momentum matrices.
It describes the local electron band structure around
the Γ point of a material with full cubic point group
Oh with inversion and time-reversal symmetry. It is the
most general form up to quadratic order in momentum
p = (px, py, pz) allowed by these symmetries. All four
j = 32 states are degenerate at p = 0 due to Oh sym-
metry. Odd-p terms are prohibited by inversion. The
terms p21ˆ4 and (Jˆ ·p)2 are invariants of the full spherical
symmetry group O(3) with inversion. Their linear com-
bination HˆL(p)|α=0, characterized by two parameters
α0,z, is the O(3)-symmetric LM; its bulk spectrum has
two double-degenerate bands ε
L,O(3)
± (p) = (α0±2|αz|)p2,
p = |p|; |α0| < 2|αz| is the nodal semimetal regime. The
additional term Mˆ(p) = Jˆ2xp
2
x+Jˆ
2
yp
2
y+Jˆ
2
z p
2
z− 25 (Jˆ·p)2−
1
5 Jˆ
2p2 with parameter α is a cubic anisotropy term,
which arises from lowering the symmetry from spherical
to cubic, O(3)→ Oh.
The LM Hamiltonian HˆL(p) must be supplemented by
proper physical BCs. We find [23] that the asymptotic
BCs for the wave function ψˆL = (ψL
+ 32
, ψL
+ 12
, ψL− 12
, ψL− 32
)T
(subscripts indicate jz) of the LM following from the 6-
band Kane model with hard-wall BCs, describing an in-
terface with vacuum, have the form
ψˆL = 0ˆ. (14)
The Kane model describes materials like α-Sn and HgTe
(see below).
At pz = 0, Hˆ
L(px, py, 0) is block-diagonal: the pairs
(ψL
+ 32
, ψL− 12
) and (ψL
+ 12
, ψL− 32
) of states decouple; the BCs
(14) lead to the chiral-symmetric BCs (11) of class
(1, 1) for each pair. For O(3) symmetry, the respec-
tive 2 × 2 blocks of HˆL(px, py, 0)|α=0 are of the form
Hˆβ2 (px, py) [Eq. (10)] of opposite chiralities, with pa-
rameters β0,z = α0,z and β⊥ = −
√
3αz. The LM is
thus on the line |βz|/|β⊥| = 1/
√
3 in the parameter
plane (β0, βz) of Hˆ
β
2 , Fig. 2(a), and always belongs to
the stability regions 2 or 1, as determined by the ra-
tio |α0|/|αz|; |α0| = |αz| is the transition point between
regions 2 and 1. For y > 0 sample, the surface-state
dispersion relations for (ψL
+ 32
, ψL− 12
) are EL,O(3)± (px, pz =
0) =
√
3
2 (
√
3α0 ± sgnαz
√
4α2z − α20)p2x at px ≷ 0, respec-
tively [Eq. (12)], shown in Fig. 2(b) and Fig. 2(c) for
α0 = 0 and the parameters α0/αz = 1.7 of HgTe (see
below) belonging to regions 2 and 1, respectively. When
combined with the dispersion relations for (ψL
+ 12
, ψL− 32
),
EL,O(3)∓ (px, pz = 0) at px ≷ 0, respectively, full surface-
state bands of the LM are obtained.
Since for spherical symmetry the same holds for any
other orientation of the momentum plane, we conclude
that the O(3)-symmetric 3D LM exhibits 2D surface
states in the whole nodal semimetal regime |α0| < 2|αz|,
two bands for |α0| < |αz| and one band for |αz| < |α0| <
2|αz|, for any orientation of the surface and any direc-
tion of 2D momentum along the surface. According to
the above stability arguments, this result also holds upon
including the cubic-anisotropy term αMˆ(p), as long as
α is small enough. We have thus proven that the Oh-
symmetric LM HˆL(p) [Eq. (13)] with the BCs (14) is a
3D topological nodal semimetal in the sense of this work.
This is the fourth key result of this work.
Our results on the LM are relevant to a multitude of
real materials either with exact cubic symmetry Oh or
in which deviations from it are small. Among materi-
als with Oh that exhibit a quadratic node is α-Sn [18–
20]; a prime example of a material with weakly bro-
ken Oh is HgTe [18–20] with a tetrahedral point group
Td. The LM parameters for α-Sn and HgTe with ne-
glected inversion asymmetry, extracted from Ref. 20,
are (α0, αz) = (9.31, 5.94)/me and (α0, αz, α) =
(7.28, 4.29,−0.44)/me, respectively, where me is the elec-
tron mass. For O(3) symmetry, they both belong to re-
gion 1, as indicated in Fig. 2(a), and thus exhibit one
band of 2D surface states. Fig. 2(d) shows the surface
states for y > 0 sample at pz = 0 for the parameters
of HgTe including the cubic anisotropy α. Recently,
a quadratic node was predicted and likely observed in
Pr2Ir2O7 [21]; according to our findings, one or two bands
of surface states can be anticipated for this material, al-
though a separate analysis would be desirable. We thus
predict that α-Sn, HgTe, and many other semimetal ma-
terials described by the LM are topological in the sense
of this work.
Deviations from cubic symmetry Oh due to breaking
of inversion, rotational (strain, confinement), or time-
reversal (magnetism) symmetries modify the low-energy
band structure, causing the quadratic node of the LM
to gap out or split into linear nodes. A variety of re-
sulting topological phases, such as a topological insula-
tor [30–32], Weyl semimetal [33], and quantum anoma-
lous Hall insulator [34], has been predicted or observed.
According to our findings, the Oh-symmetric quadratic
nodal semimetal of the LM [Eqs. (13) and (14)] can be re-
garded as the parent, highest-symmetry topological phase
for these phases, with its own surface states of topological
origin.
Future directions. Relations between the topological
properties of these phases is an interesting future direc-
tion. Among other possible applications and extensions
of this work are: relation of the local in the BZ properties
of the edge and surface states established here to their
global properties, such as those of 3D Weyl semimet-
5als [16]; addressing the edge states in graphene and simi-
lar 2D systems [1–16] within this framework [27]; the role
of electron interactions for the edge and surface states in
quadratic nodal semimetals in 2D (bilayer graphene) and
3D (LM), where interactions are predicted [35–42] to re-
sult in interesting physics in the bulk.
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I. PROBABILITY CURRENT
Here, we derive the probability current
j = (jx, jy)
for the chiral-symmetric Hamiltonian HˆN [Eq. (1)]. The procedure is standard and analogous to the one for the
conventional quadratic Hamiltonian1. The probability density
ρ = ψˆ†ψˆ = ψ∗aψa + ψ
∗
bψb (S1)
of a wavefunction ψˆ = (ψa, ψb)
T satisfying the time-dependent Schro¨dinger equation
i∂tψˆ = HˆN ψˆ ⇔
{
i∂tψa = pˆ
N
−ψb,
i∂tψb = pˆ
N
+ψa
(S2)
must satisfy the continuity equation
∂tρ+∇ · j = 0, ∇ = (∂x, ∂y).
In the integral form ∫
V
dr ∂tρ+
∫
∂V
ds j = 0, (S3)
the rate of change of the probability in a 2D space region V must be compensated by the current flow through the
boundary ∂V of the region. Substituting the expressions (S2) for ∂tψa,b into ∂tρ and integrating
∫
V dr ∂tρ in parts
sufficient number of times, we arrive at
jx = j+ + j−, jy = −i(j+ − j−), j− = j∗+, (S4)
with j+ given in Eq. (8).
In particular,
N = 1 : j+ = ψ
∗
aψb, (S5)
N = 2 : j+ = ψ
∗
apˆ−ψb + (pˆ+ψa)
∗ψb.
The formulas (8) and (S4) can naturally be understood as follows. For a plane-wave function ψˆ ∼ ei(pxx+pyy) the
current is given by the derivatives of the Hamiltonian over momentum,
j+ =
∂HˆN,ab
∂p−
= NpN−1− , j− =
∂HˆN,ba
∂p+
= NpN−1+ ,
and Eqs. (8) and (S4) represent the properly symmetrized operator version of this.
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2II. BOUNDARY CONDITIONS, CURRENT CONSERVATION CONSTRAINTS
Here, we prove in more detail how the current conservation constraint (7) restricts the allowed asymptotic chiral-
symmetric BCs from the most general form (5) to the final form (9).
Only such form of BCs is allowed that, for any wave function ψˆ = (ψa, ψb)
T satisfying them, the current component
jy(x, 0) = 0 [Eq. (7)] perpendicular to the edge vanishes identically at the edge y = 0. The current component j+(x, 0)
in jy [Eq. (8)] is a sum of the terms
∂naxx ∂
nay
y ψ
∗
a(x, 0) ∂
nbx
x ∂
nby
y ψb(x, 0) (S6)
with nonnegative integers nax,ay,bx,by = 0, . . . , N − 1 such that
nax + nay + nbx + nby = N − 1
and j−(x, 0) = j∗+(x, 0) is the sum of the corresponding conjugate terms. Since for chiral symmetry the only allowed
forms (5) of BCs are when some individual derivatives ∂nyψa,b(x, 0) vanish (while linear relations (3) between different
components are prohibited), the current jy(x, 0) can be nullified only if all the terms (S6) vanish individually.
The terms (S6) involve derivatives both perpendicular to (∂y) and along (∂x) the edge. Since these terms must
vanish at any point (x, 0) along the edge, this is equivalent to vanishing individually of the terms
∂nayy ψ
∗
a(x, 0) ∂
nby
y ψb(x, 0) (S7)
identically for all x for all nay,by = 0, . . . , N − 1 such that
nay + nby ≤ N − 1.
This is possible for chiral-symmetric BCs (5) only if, for given (Na, Nb), the lowest-order derivatives are nullified at
the edge y = 0, as expressed in Eq. (9).
III. EDGE STATES FOR CHIRAL SYMMETRY, DETAILS
Here, we provide details of the derivation of the edge states for chiral-symmetric Hamiltonian (1) and BCs (9).
Taking the plane-wave form
ψˆ(x, y) = ψˆ(px, y)e
ipxx
with momentum px along the edge, we first look for the general solution to the Scho¨dinger equation
HˆN (px, pˆy)ψˆ(px, y) = ψˆ(px, y).
We find the edge states at energy  = 0 and have checked that there are no other edge states at  6= 0. At  = 0, the
components are decoupled and we get the equations
(px + ∂y)
Nψa(px, y) = 0, (px − ∂y)Nψb(px, y) = 0.
There are N independent solutions for each component:
ψan(px, y) = y
ne−pxy, ψbn(px, y) = yne+pxy, n = 0, . . . , N − 1.
At px > 0, ψan,bn(px, y) decay and grow into the bulk, y → +∞, respectively, and so, only the solutions with finite
ψa(px, y) and vanishing ψb(px, y) ≡ 0 components are allowed. Applying the chiral BCs (9), we get that Na boundary
conditions for ψa(px, y) yield N −Na = Nb independent edge-state solutions ψˆn(px > 0, y), n = Na, . . . , N − 1, with
 = 0, provided in the Main Text. Similarly, at px < 0, we find N − Nb = Na edge-state solutions ψˆn(px < 0, y),
n = Nb, . . . , N − 1, with  = 0, provided in the Main Text.
3IV. EDGE STATES FOR CHIRAL-ASYMMETRIC HAMILTONIAN Hˆβ2 (px, py), DETAILS
Here, we provide details of the derivation of the edge states for chiral-asymmetric quadratic Hamiltonian Hˆβ2 (px, py)
[Eq. (10)] and chiral-symmetric BCs (11). Taking the plane-wave form
ψˆ(x, y) = ψˆ(px, y)e
ipxx
with momentum px along the edge, we first look for the general solution to the Scho¨dinger equation
Hˆβ2 (px, pˆy)ψˆ(px, y) = ψˆ(px, y). (S8)
Its characteristic equation
det[Hˆβ2 (px, py)− 1ˆ2] = 0
has four momentum solutions
py = ±i
√
p2x −

β±
,
where β± = β0 ±
√|β⊥|2 + β2z are the curvatures of the electron and hole bulk bands ε±(p⊥) = β±p2⊥; we consider
the nodal semimetal regime, where β+ > 0 and β− < 0, and  such that p2x >

β±
.
The partial solutions to Eq. (S11) corresponding to the pair py = i
√
p2x − β± of momentum solutions are
ψˆ±(px, )e
−
√
p2x− β± y, ψˆ±(px, ) =
(
2p2x − β± + 2px
√
p2x − β±

β⊥
(1− β0+βzβ± )
)
.
For the sample at y > 0, these solutions decay into the bulk and are admitted, while the partial solutions with
py = −i
√
p2x − β± grow into the bulk and are prohibited.
Applying the BCs (11) to the linear combination
ψˆ(px, y) = C+ψˆ+(px, )e
−
√
p2x− β+ y + C−ψˆ−(px, )e
−
√
p2x− β− y
of the decaying solutions, we find that a nontrivial solution with nonzero C± exists when
ψ+a(px, )ψ−b(px, )− ψ+b(px, )ψ−a(px, ) = 0.
Solving this equation with respect to , we obtain the edge-state dispersion relations E±(px) [Eq. (12)] at px ≷ 0,
respectively, and find the phase diagram in the plane (β0, βz) of chiral-asymmetry parameters, presented in Fig. 2(a).
V. EDGE STATES FOR CHIRAL-ASYMMETRIC BOUNDARY CONDITION
Here, we illustrate the effect of chiral asymmetry of BCs for the linear-node chiral-symmetric Hamiltonian Hˆ1(px, py)
[N = 1, Eq. (1)]. We derive the most general form of the BC for this Hamiltonian2. Mathematically, such BC is a
single linear homogeneous relation between the two components of the wave function; without the loss of generality,
it can be written as
ei
φ
2 sin θ2ψa − e−i
φ
2 cos θ2ψb = 0, (S9)
parameterized by two real angles θ and φ.
For a terminated system, the BC must only satisfy the fundamental constraint that the current perpendicular to
the boundary vanishes. This means that, for y = 0 edge, jy = −i(ψ∗aψb − ψ∗bψa) = 0 must vanish identically for any
wave function satisfying Eq. (S9). This is possible only if φ = 0. And so, the most general form of the BC for the
linear-node chiral-symmetric Hamiltonian Hˆ1(px, py) [N = 1, Eq. (1)] reads
sin θ2ψa − cos θ2ψb = 0. (S10)
4FIG. S1: (a),(b),(c) Edge states E(px) [Eq. (S13)] (red) for the linear-node chiral-symmetric Hamiltonian Hˆ1(px, py) [N = 1,
Eq. (1)] and chiral-asymmetric BC (S10); compare to the case of chiral-symmetric BCs in Fig. 1(a). (d) The circle of the angle
parameter θ of the most general, chiral-asymmetric BC (S10) for Hˆ1(px, py).
All unique forms of the BC are parameterized by the angle θ covering the full circle, Fig. S1(d).
It is then straightforward to find2 the edge states for Hˆ1(px, py) [N = 1, Eq. (1)] with the BC (S10). Taking the
plane-wave form
ψˆ(x, y) = ψˆ(px, y)e
ipxx
with momentum px along the edge, we first look for the general solution to the Scho¨dinger equation
Hˆ1(px, pˆy)ψˆ(px, y) = ψˆ(px, y). (S11)
Its characteristic equation
det[Hˆ1(px, py)− 1ˆ2] = 0
has two momentum solutions
py = ±i
√
p2x − 2, || < |px|.
For y > 0 sample, only py = i
√
p2x − 2 corresponds to the decaying wave function
ψˆ(px, y) =
(
px +
√
p2x − 2

)
e−
√
p2x−2y (S12)
and is admitted. Applying the BC (S10) to Eq. (S12), we get the equation
sin θ2 (px +
√
p2x − 2)− cos θ2  = 0.
Solving it with respect to , we find one branch of edge states on one side off the node, at px > 0 for θ ∈ Θa = (−pi2 , pi2 )
and at px < 0 for θ ∈ Θb = (pi2 , 3pi2 ), Fig. S1(a) and (b). In both cases, the edge-state dispersion relation reads
E(px) = px sin θ. (S13)
The sectors Θa = (−pi2 , pi2 ) and Θb = (pi2 , 3pi2 ) contain the points of chiral symmetry θ = 0 [BC class (0, 1): ψb = 0,
red dot in Fig. S1(d)] and θ = pi [BC class (1, 0): ψa = 0, blue dot in Fig. S1(d)], respectively, see Fig. 1(a), and
5thus represent the stability regions, as defined in the Main Text, in which the respective chiral-symmetric edge states
persist. As θ deviates from one of the chiral-symmetric points θ = 0, pi, the edge states deviate from  = 0 acquiring
a finite velocity ∂pxE(px) = sin θ. The edge states disappear by merging with the bulk bands only upon reaching the
points θ = ±pi2 [purple dots in Fig. S1(d)]. The stability regions Θa,b are thus separated only by two points θ = ±pi2
and the edge states persist even for significant deviations of the BC from chiral symmetry.
The chiral-asymmetric BC (S10) with general θ and the corresponding edge states (S13) apply3, for instance, to
a realistic model of graphene for the zigzag edge in the vicinity of the nodes (valleys). Its chiral-symmetric limits
ψb = 0 or ψa = 0 with flat edge states, Fig 1(a), apply to the chiral-symmetric lattice model under the microscopic
assumption of nearest-neighbor hopping only. Upon including next-nearest-neighbor hopping, these BCs transform
to the chiral-asymmetric form (S10), and the edge-state dispersion relation acquires finite slope, Eq. (S13).
A. The case of absent edge states
The edge states thus exist for all values of θ in the BC (S10) except θ = ±pi2 , when the BC has one of the forms
ψa ∓ ψb = 0, (S14)
respectively. We point out that even though these cases are realized only at points in the 1D parameter space (circle
of θ) of possible chiral-asymmetric BCs, it does not necessarily mean that such cases are negligibly rare in the space
of possible models. These cases can be dictated by the microscopic structure of the model. Below we present two
such examples.
1. Infinite mass model
As the first example, suppose that the region y > 0 is described by the gapless Hamiltonian Hˆ1(px, py) [Eq. (1)]
and the region y < 0 is described by the Hamiltonian
Hˆ1∆(px, py) = Hˆ1(px, py) + ∆τz (S15)
with an additional gap term ∆τz with ∆ > 0.
At energies || < ∆, the wave functions decay into the region y < 0. At small energies ||  ∆, the decay spatial
scale 1/∆ [note that the velocity is set to unity in Hˆ1(px, py)] is much shorter than the typical scale 1/|| of variation
of the wave function in the region y > 0, and the model may be substituted by an equivalent one, in which the wave
function is nonvanishing only in the gapless region y > 0 and satisfies an effective BC at the interface y = 0.
To derive the BC, to the leading order in /∆ 1, it is sufficient to find the general solution at  = 0 that decays
into the region y < 0. In the gapless region y > 0, the general solution is an arbitrary coordinate-indepedent spinor
ψˆ(x, y > 0) =
(
ψa
ψb
)
;
in the gapped region y < 0, it is a decaying function
ψˆ(x, y < 0) = C
(
1
1
)
e∆y.
Connecting these functions continuously at y = 0 and excluding the coefficient C, we get the relation
ψa − ψb = 0
between the wave-function components in the gapless region y > 0. For a wave function ψˆ(x, y) varying at scales
larger than 1/∆, this relation becomes the BC at y = 0. This is the BC of the type (S14) with θ = pi2 , for which the
edge states are absent, Fig. S1(c).
Regarding symmetry, the term ∆τz in Eq. (S15) breaks chiral symmetry, and since the gap ∆ is infinite relative to
the energy  of interest (for this reason, this BC is often called the “infinite mass” BC), chiral symmetry is broken so
strongly that the edge states are completely absent.
6FIG. S2: The lattice model studied in Sec. V B of Ref. 4. (a),(b) Lattice structure with two cases of the edge along the
x direction. (c) On-site energy levels. (d) Electron spectrum ε±± = ε±±(kx, ky = piay ) [Eq. (S17)] at ky =
pi
ay
. The shaded
light-blue region is the continuum of the bulk states as all ky are spanned.
2. Lattice model with chiral symmetry broken by the edge
Another example is the lattice model studied in Sec. V B of Ref. 4, see Fig. S2. The model consists of two
sublattices, A and B, and two orbitals, 1 and 2, at each site, Fig. S2(a) and (b); the lattice wave function is a
four-component spinor
Ψˆ(r) =
 ΨA1(r)ΨA2(r)ΨB1(r)
ΨB2(r)
 ,
where
r = axnx + ayny
is the discrete radius vector on the primitive rectangular lattice, with periods ax = (ax, 0) and ay = (0, ay) and nx,y
taking integer values.
The tight-binding Hamiltonian in the momentum space reads
Hˆ(kx, ky) = 0Tz0 + 2tx cos(kxax)T0x + 2ty cos(kyay2 )Txz. (S16)
Here, Tαβ = τ
AB
α ⊗ τ12β , α, β = 0, x, y, z, are the basis matrices in the direct product of the sublattice (AB) and
orbital (12) spaces (τ0,x,y,z denote the unity and Pauli matrices in the respective spaces); ±0 are the energies of
both orbitals 1 and 2 at A and B sites, respectively, Fig. S2(c); tx is the nearest-neighbor hopping amplitude in the
x direction (hopping between 1 and 2 orbitals of the same sublattice); ty is the nearest-neighbor hopping amplitude
in the y direction (hopping between the same orbitals of different sublattices, with different signs of the amplitude).
We consider a slightly more general model than in Ref. 4, with unrelated tx,y and ax,y for x and y directions.
The spectrum of the Hamiltonian (S16) consists of four bands
ε(kx, ky) = ±
√
[0 ± 2tx cos(kxax)]2 + [2ty cos(kyay2 )]2.
7At ky =
pi
ay
, there is partial decoupling of the basis states; the spectrum takes the form
ε±±(kx, ky = piay ) = ±0 ± 2tx cos(kxax), (S17)
Fig. S2(d), and the eigenstates at every kx, labeled respectively, are
Ψˆ++ =
1√
2
 +1+10
0
 , Ψˆ+− = 1√
2
 +1−10
0
 , Ψˆ−+ = 1√
2
 00+1
+1
 , Ψˆ−− = 1√
2
 00+1
−1
 .
There are four linear nodes at  = 0 on the line ky =
pi
ay
, at kx = ± 1ax arccos
(
± 02tx
)
.
We consider the edge along the x direction, with two options of the last row being either the B [Fig. S2(a)] or A
[Fig. S2(b)] sublattice, and derive the effective low-energy Hamiltonian and BC for one of the nodes, performing the
k · p expansion. We consider the node at k0 = (kx0, piay ), kx0 = 1ax arccos
(
− 02tx
)
, originating from the band crossing
of Ψˆ++ and Ψˆ−− states.
In the vicinity of the node, the low-energy degrees of freedom are described by the two-component spinor
ˆ˜
ψ(r) =
(
ψ˜a(r)
ψ˜b(r)
)
, (S18)
slowly varying at the lattice scale ax,y, in the lattice wave function of the form
Ψˆ(r) = [ψ˜a(r)Ψˆ++ + ψ˜b(r)Ψˆ−−]eik0r. (S19)
We obtain the linearized Hamiltonian
ˆ˜H(px, py) = vxpxτz + vypyτx, (S20)
for
ˆ˜
ψ(r), where (px, py) is the deviation from the node momentum k0 and (vx, vy) = −(2txax sin kx0, tyay).
The lattice BCs for the edge along the x direction read
ΨA1(nx, ny = −1) = ΨA2(nx, ny = −1) = 0
for Fig. S2(a), and
ΨB1(nx, ny = −1) = ΨB2(nx, ny = −1) = 0
for Fig. S2(b). Plugging the wave function (S19) into them, we obtain the BCs
ψ˜a(x, y = 0) = 0 (S21)
and
ψ˜b(x, y = 0) = 0, (S22)
respectively, for the wave function (S18) of the low-energy model.
It can be shown that the linearized Hamiltonian (S20) with either (S21) or (S22) BC has no edge states. In Ref. 4,
it was found that the edge states are absent for the edge along the x direction for the initial lattice model (S16) at
all momenta kx.
This behavior is in full agreement with our findings. Upon the change of basis
ˆ˜
ψ = Uˆ ψˆ, Uˆ =
1√
2
(
ei
pi
4 −eipi4
e−i
pi
4 e−i
pi
4
)
,
the Hamiltonian
Hˆ(px, py) = U
† ˆ˜H(px, py)U = −vxpxτx + vypyτy
8for ψˆ = (ψa, ψb)
T takes the form of Hˆ1(px, py) and the BCs (S21) and (S22) take the form of Eq. (S14), which are
indeed the only cases (θ = ±pi2 ) of the chiral-asymmetric BC (S10), for which the edge states are absent.
Regarding symmetry, we notice that the bulk lattice Hamiltonian (S16) possesses chiral symmetry:
SˆHˆ(kx, ky)Sˆ† = −Hˆ(kx, ky)
for the chiral-symmetry operator
Sˆ = Txy or Tyz,
or their arbitrary unitary linear combination. The linear nodes at ky =
pi
ay
therefore have well-defined winding
numbers N = 1 (of both signs), with the chiral symmetry operator τz in the ψˆ basis.
Under such chiral-symmetry operation, the sublattices A and B are interchanged. This interchange becomes
impossible if the lattice has an edge along the x direction, Fig. S2(a) and (b). And so, chiral symmetry is broken by
the edge in this model, even though it is preserved in the bulk. This results in the chiral-asymmetric BCs in both the
lattice and low-energy models and is the ultimate reason for the absence of the edge states.
VI. LUTTINGER MODEL FROM KANE MODEL
A. 6-band Kane model
For studying the surface states of the 4-band LM for j = 32 states, its bulk Hamiltonian Hˆ
L(p) [Eq. (13)] must be
supplemented by proper physical BCs. In this paper, we derive the asymptotic BCs for the LM that follow from a
more general Kane model5,6 (KM) with “hard-wall” BCs. The 6-band KM includes, in addition to j = 32 quartet, a
j = 12 doublet of opposite inversion parity and describes a large family of semiconductor materials
5–7, in which j = 32
states originate from a p orbital in the presence of spin-orbit interactions and j = 12 states originate from an s orbital.
Considering the KM is instructive from a more general standpoint, for the purpose of demonstrating a systematic
“folding” procedure, where the high-energy j = 12 states of a larger Hilbert space of the KM are consistently eliminated
to generate the effective bulk Hamiltonian and BCs of the LM with the smaller Hilbert space that contains only the
low-energy j = 32 states.
So, the Hamiltonian and the wave function of the KM have the general block structure
HˆK(p) =
(
Hˆ 1
2
1
2
(p) Hˆ 1
2
3
2
(p)
Hˆ 3
2
1
2
(p) Hˆ 3
2
3
2
(p)
)
, p = (px, py, pz), (S23)
Ψˆ =
(
Ψˆ 1
2
Ψˆ 3
2
)
, Ψˆ 1
2
=
(
Ψ 1
2 ,+
1
2
Ψ 1
2 ,− 12
)
, Ψˆ 3
2
=

Ψ 3
2 ,+
3
2
Ψ 3
2 ,+
1
2
Ψ 3
2 ,− 12
Ψ 3
2 ,− 32
 , (S24)
in the space of j = 12 and j =
3
2 states; here, jz = ± 12 ,± 32 denote the angular momentum projections on the z axis.
Like the LM, the KM describes the local electron band structure around the Γ point p = 0. For full cubic symmetry
Oh with inversion and time reversal symmetry, the most general form up to quadratic order in p reads
Hˆ 1
2
1
2
(p) = (∆ + γ 1
2
p2)1ˆ2,
Hˆ 1
2
3
2
(p) = v
 − 1√2p+ √ 23pz 1√6p− 0
0 − 1√
6
p+
√
2
3pz
1√
2
p−
 , Hˆ 3
2
1
2
(p) = Hˆ†1
2
3
2
(p),
Hˆ 3
2
3
2
(p) = γ0p
21ˆ4 + γzMˆ(p) + γMˆ(p),
Mˆ(p) =
5
2
p21ˆ4 − 2(Jˆ · p)2 =

p+p− − 2p2z −
√
32p−pz −
√
3p2− 0
−√32p+pz −p+p− + 2p2z 0 −
√
3p2−
−√3p2+ 0 −p+p− + 2p2z
√
32p−pz
0 −√3p2+
√
32p+pz p+p− − 2p2z
 ,
9Mˆ(p) = Jˆ
2
xp
2
x + Jˆ
2
yp
2
y + Jˆ
2
z p
2
z −
2
5
(Jˆ · p)2 − 1
5
Jˆ2p2,
Jˆ = (Jˆx, Jˆy, Jˆz), Jˆ± = Jˆx ± iJˆy, Jˆ+ =

0
√
3 0 0
0 0 2 0
0 0 0
√
3
0 0 0 0
 , Jˆ− = Jˆ†+, Jˆz =

+ 32 0 0 0
0 + 12 0 0
0 0 − 12 0
0 0 0 − 32
 , Jˆ2 = 154 1ˆ4.
Here and below, 1ˆn denotes the unit matrix of order n.
This form follows from the method of invariants5,6 (k · p method). The j = 32 and j = 12 states form a four- and
a two-dimensional (projective) irreducible representation of Oh, respectively. They correspond to four- and two-fold-
degenerate levels at p = 0, which we take to be at energies  = 0 and  = ∆, respectively. Due to opposite inversion
parities of the j = 32 and j =
1
2 states, the cross-product block Hˆ 12
3
2
(p) contains only odd powers of p, while the
self-product blocks Hˆ 1
2
1
2
(p) and Hˆ 3
2
3
2
(p) contain only even powers of p. The cross-product block Hˆ 1
2
3
2
(p) contains one
linear-in-p invariant, with the velocity coefficient v, which is real due to time-reversal symmetry. Within the j = 12
states, the block Hˆ 1
2
1
2
(p) contains one invariant 1ˆ2p
2 quadratic in p. Within the j = 32 states, the block Hˆ 32
3
2
(p)
contains three invariants p21ˆ4, (Jˆ · p)2, Mˆ(p) of Oh and time-reversal symmetry quadratic in p. Understandably,
the block Hˆ 3
2
3
2
(p) = HˆL(p)|α0,z,=γ0,z, has the structure of the LM (13), since this is the most general form allowed
by symmetry.
In fact, all the above invariants of Oh, except for Mˆ(p), are also invariants of the full spherical symmetry group
O(3) with inversion. Therefore, the KM HˆK(p)|γ=0 without the Mˆ(p) term is the most general form allowed by
O(3) and time-reversal symmetries. The term Mˆ(p) thus represents cubic anisotropy, which arises from lowering
the symmetry O(3)→ Oh; it transforms as a linear combination of the states of angular momentum 4.
B. Effect of hybridization between j = 3
2
and j = 1
2
states
Our main interest is the behavior of j = 32 states at energies ||  |∆| close to the j = 32 level  = 0. Exactly at
p = 0, the j = 32 and j =
1
2 states are decoupled. However, even at small momenta hybridization to j =
1
2 states
affects the properties of j = 32 states. Therefore, simply neglecting the hybridization Hˆ 12
3
2
(p) to j = 12 states in the
KM (S23) and considering the block Hˆ 3
2
3
2
(p) = HˆL(p)|α0,z,=γ0,z, with “bare” parameters γ0,z, as the Hamiltonian
for j = 32 states would be incorrect.
The effect of hybridization is best illustrated by considering momenta p = (0, 0, pz). For clarity, we also consider
the case of full spherical symmetry O(3) with inversion, putting γ = 0; the corresponding quantities will be labeled
with O(3) superscript. The O(3)-symmetric Kane Hamiltonian HˆK,O(3)(0, 0, pz) ≡ HˆK(0, 0, pz)|γ=0 at a given pz 6= 0
possesses axial symmetry with respect to rotations about the z axis and the states with different jz are decoupled.
The jz = ± 12 states are present for both j = 32 and j = 12 and there is hybridization between them. For both pairs
(Ψ 1
2 ,± 12 ,Ψ 32 ,± 12 ), the 2× 2 Hamiltonian has the form
Hˆ
O(3)
|jz|= 12
(0, 0, pz) =
 ∆ + γ 12 p2z v√ 23pz
v
√
2
3pz (γ0 + 2γz)p
2
z
 . (S25)
Due to O(3) symmetry, the spectrum is isotropic; so, diagonalizing Eq. (S25) and replacing p2z → p2 ≡ p2 = p2x+p2y+p2z,
we get two double-degenerate bands
ε
K,O(3)
a,b (p) =
1
2
{
∆ + (γ 1
2
+ γ0 + 2γz)p
2 ±
√
[−∆ + (−γ 1
2
+ γ0 + 2γz)p2]2 +
8
3
v2p2
}
. (S26)
At small momenta, the band originating from the j = 32 level  = 0 at p = 0 has the form
εK,O(3)a (p) = (γ0 + 2γz −
2
3
v2
∆
)p2 +O(p4) (S27)
We see that, indeed, due to hybridization, the spectrum is modified compared to the respective band (γ0 + 2γz)p
2 of
the Hˆ 3
2
3
2
(p)|γ=0 block with bare parameters γ0,z.
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On the other hand, the jz = ± 32 states are present only for j = 32 and thus they do not hybridize to j = 12 states.
For both Ψ 3
2 ,± 32 , the scalar Hamiltonian reads
Hˆ
O(3)
|jz|= 32
(0, 0, pz) = (γ0 − 2γz)p2z. (S28)
It gives one double-degenerate band
εK,O(3)c (p) = (γ0 − 2γz)p2, (S29)
exactly equal to that of the Hˆ 3
2
3
2
(p)|γ=0 block.
C. Folding procedure, effective Hamiltonian for the Luttinger model for j = 3
2
states
To account for the effect of hybridization, a systematic “folding” procedure6 must be performed for both the bulk
Hamiltonian and BCs, where the high-energy j = 12 states are consistently eliminated from the Hilbert space, while
the effect of virtual transitions to them is taken into account.
For the bulk Hamiltonian, the procedure is as follows. Excluding Ψˆ 1
2
[Eq. (S24)] from the Schro¨dinger equation
HˆK(p)Ψˆ = Ψˆ, we obtain the equation(
Hˆ 3
2
3
2
(p) + Hˆ 3
2
1
2
(p)
1
1ˆ2 − Hˆ 1
2
1
2
(p)
Hˆ 1
2
3
2
(p)
)
Ψˆ 3
2
= Ψˆ 3
2
(S30)
for Ψˆ 3
2
. At ||  |∆| and γ 1
2
p2  |∆|, the energy  and momentum p should be set to zero in the denominator in the
left-hand side. After that, Eq. (S30) becomes an effective Schro¨dinger equation
HˆL(p)ψˆL = ψˆL
for j = 32 states only with the 4-component wave function
ψˆL =

ψL
+ 32
ψL
+ 12
ψL− 12
ψL− 32
 , (S31)
for which
Ψˆ 3
2
→ ψˆL (S32)
needs to be substituted.
Expectedly, the effective Hamiltonian
HˆL(p) = Hˆ 3
2
3
2
(p) + Hˆ 3
2
1
2
(p)
1
01ˆ2 − Hˆ 1
2
1
2
(0)
Hˆ 1
2
3
2
(p) (S33)
has the form (13) of the LM with parameters
α0 = γ0 − v
2
3∆
, αz = γz − v
2
6∆
, α = γ.
The parameters α0,z of the O(3)-symmetric part of the LM are modified, while the cubic anisotropy parameter α is
not, since the terms involved in the hybridization have O(3) symmetry.
The spectrum of the O(3)-symmetric LM HˆL,O(3)(p) ≡ HˆL(p)|γ=0 for j = 32 states following from the KM consists
of two double-degenerate bands
ε
L,O(3)
+ (p) = (α0 + 2αz)p
2 = (γ0 + 2γz − 2
3
v2
∆
)p2, (S34)
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ε
L,O(3)
− (p) = (α0 − 2αz)p2 = (γ0 − 2γz)p2. (S35)
They agree with the bands (S27) and (S29), respectively, of the O(3)-symmetric KM at small momenta, where the
former band is affected by hybridization with j = 12 states and the latter is not.
For many semiconductor materials, the bare parameters are such that γ 1
2
> 0, γ0,z < 0, γ0 − 2γz < 0, and,
neglecting hybridization to j = 12 states (v = 0), both bands (γ0 ± 2γz)p2 < 0 of j = 32 states would be hole-like. In
the noninverted regime of the KM, ∆ > 0 and the j = 12 level  = ∆ is above the j =
3
2 level  = 0. In this case, the
system is an insulator and the band ε
L,O(3)
+ (p) [Eq. (S34)] is pushed further down by hybridization. In the inverted
regime of the KM, ∆ < 0 and the j = 12 level  = −|∆| is below the j = 32 level  = 0, and the band εL,O(3)+ (p) is
pulled up by hybridization. For weaker hybridization, γ0 + 2γz +
2
3
v2
|∆| < 0, the band ε
L,O(3)
+ (p) is still hole-like, and
there is also a Fermi surface at  = 0. For stronger hybridization, such that γ0 +2γz +
2
3
v2
|∆| > 0, the band ε
L,O(3)
+ (p) is
electron-like, and the system is a nodal semimetal. This regime is realized in α-Sn, HgTe and many similar materials.
D. Folding procedure, effective boundary conditions for the Luttinger model for j = 3
2
states
Considering the more general KM allows us to derive asymptotic BCs for the LM wave function ψˆL(x, y, z)
[Eq. (S31)]. We derive the BCs explicitly for O(3) and argue below that they holds for cubic symmetry Oh as
well. Due to O(3) symmetry, it is sufficient to consider any surface orientation; we choose the z = 0 surface and
assume the sample occupies the z > 0 half-plane.
We consider the so-called “hard-wall” BCs for the KM,
Ψˆ(x, y, z = 0) = 0ˆ, (S36)
for which the wave function vanishes at the surface. Such BCs represent an interface with vacuum, which can be
described by the KM (S23) in the noninverted regime (trivial insulator) with infinite gap ∆→ +∞.
As for the effective bulk Hamiltonian, a “folding procedure” must be carried for BCs. The general idea (also
applicable to other similar situations) of deriving the asymptotic BCs for the low-energy LM from a more general KM
with a larger Hilbert space is as follows. We look for the general solution to the Scro¨dinger equation
HˆK,O(3)(0, 0, pˆz)Ψˆ(z) = 0ˆ (S37)
(pˆz = −i∂z is the momentum operator) for the KM exactly at energy  = 0 of the j = 32 states at p = 0. The wave
function Ψˆ(z) depends only on z in this case.
Partial solutions to Eq. (S37) are described by the momentum solutions pz to its characteristic equation
det HˆK,O(3)(0, 0, pz) = 0. Since the energy  = 0 taken is right at the node, either pz = 0 or pz contain imagi-
nary parts. For pz = 0, the wave function contains linear polynomials, Ψˆ(z) ← 1, z. These represent the low-energy
part of the solution, which should be identified with the LM wave function (S31) by matching with the first two terms
of its Taylor expansion
ψˆL(x, y, z) = ψˆL(x, y, 0) + ∂zψˆ
L(x, y, 0)z +O(z2) (S38)
at the surface.
For pz with imaginary parts, partial solutions are exponentials, Ψˆ(z) ← eipzz, that decay or grow into the bulk.
The growing exponentials must be discarded, while the decaying ones retained. Imposing the BCs (S36) on the
solution Ψˆ(z) that is a linear combination of the low-energy part with pz = 0 and exponentially decaying solutions
and eliminating the latter, one arrives at the BCs for the LM wave function ψˆL.
Below we carry out this procedure explicitly. The convenience of considering the z = 0 surface and O(3) symmetry
is that, as explained above, due to axial symmetry, the Hamiltonian HˆK,O(3)(0, 0, pˆz) is decoupled into the blocks
(S25) and (S28) for states with given jz.
For the pairs (Ψ 1
2 ,± 12 (z),Ψ 32 ,± 12 (z)), the characteristic equation reads
det Hˆ
O(3)
|jz|= 12
(0, 0, pz) = p
2
z[(γ0 + 2γz)(∆ + γ 12 p
2
z)− 23v2] = 0. (S39)
There is a doubly-degenerate solution pz = 0. The corresponding partial solutions to
Hˆ
O(3)
|jz|= 12
(0, 0, pˆz)
(
Ψ 1
2 ,± 12 (z)
Ψ 3
2 ,± 12 (z)
)
= 0ˆ (S40)
12
are (
0
1
)
,
(
i
√
2
3
v
∆
z
)
.
The other two solutions
pz = ±iκ, κ =
√
∆
γ 1
2
α0 + 2αz
γ0 + 2γz
, (S41)
to Eq. (S39) are purely imaginary. The partial solution(
Ψ¯ 1
2 ,± 12
Ψ¯ 3
2 ,± 12
)
e−κz =
(
γ0 + 2γz
i
√
2
3
v
κ
)
e−κz
to Eq. (S40) with pz = iκ decays into the bulk and is admitted, while the partial solution with pz = −iκ grows into
the bulk and is prohibited.
Altogether, the general solution to Eq. (S40), not growing exponentially into the bulk, is the linear combination(
Ψ 1
2 ,± 12 (z)
Ψ 3
2 ,± 12 (z)
)
= ψL± 12
(
0
1
)
+ ∂zψ
L
± 12
(
i
√
2
3
v
∆
z
)
+ C
(
Ψ¯ 1
2 ,± 12
Ψ¯ 3
2 ,± 12
)
e−κz (S42)
with three constant coefficients ψL± 12
, ∂zψ
L
± 12
, and C.
The identification of these coefficients with the LM wave function ψˆL(x, y, z) [Eq. (S31)] is performed as follows.
On the one hand, at distances κz  1, the exponential partial solution in Eq. (S42) has decayed and
Ψ 3
2 ,± 12 (z) = ψ
L
± 12 + ∂zψ
L
± 12 z +O(e
−κz). (S43)
One the other hand, ψˆL(x, y, z) varies over spatial scales much larger than 1/κ, which is set by ∆ [Eq. (S41)]. At
intermediate spatial scales, both approximate forms (S38) and (S43) are valid, and, according to the correspondence
(S32), the constants
ψL± 12 → ψ
L
± 12 (x, y, 0),
∂zψ
L
± 12 → ∂zψ
L
± 12 (x, y, 0)
need to be identified with the components of the LM wave function (S31) at the surface and their first derivatives.
Imposing the hard-wall BCs (S36) on Eq. (S42) gives ∂zψL± 12 i
√
2
3
v
∆ + CΨ¯ 12 ,+
1
2
= 0,
ψL± 12
+ CΨ¯ 3
2 ,+
1
2
= 0.
Excluding C, we arrive at the constraint
ψL± 12 + l∆∂zψ
L
± 12 = 0,
where
l∆ =
2
3
v2
∆κ(γ0 + 2γz)
is a spatial scale set by ∆. Since ψˆL(x, y, z) varies over larger scales, the second term with the derivative must be
neglected (keeping it would be exceeding the accuracy; this explicitly illustrates the point about long-wavelength limit
and asymptotic BCs made in the Main Text.) and we arrive at the asymptotic BCs
ψL± 12 (x, y, 0) = 0.
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For the Ψ 3
2 ,± 32 (z) components, not coupled to j =
1
2 states, the analogous procedure is trivial. The momentum
solution pz = 0 to the characteristic equation
det Hˆ
O(3)
|jz|= 32
(0, 0, pz) = (γ0 − 2γz)p2z = 0
is double-degenerate and the corresponding solution to
Hˆ
O(3)
|jz|= 32
(0, 0, pˆz)Ψ 3
2 ,± 32 (z) = 0
reads
Ψ 3
2 ,± 32 (z) = ψ
L
± 32 + ∂zψ
L
± 32 z.
Imposing the hard-wall BCs (S36), upon the identification
ψL± 32 → ψ
L
± 32 (x, y, 0),
∂zψ
L
± 32 → ∂zψ
L
± 32 (x, y, 0),
we obtain the asymptotic BCs
ψL± 32 (x, y, 0) = 0.
And so, the asymptotic BCs for the LM wave function ψˆL [Eq. (S31)] corresponding to the hard-wall BCs (S36) for
the KM wave function Ψˆ [Eq. (S24)] are given by Eq. (14), with all components vanishing at the boundary.
Clearly, for O(3) symmetry, the BCs (14) are valid for any orientation of the surface (one can use the angular-
momentum basis with the quantization axis perpendicular to that surface). Moreover, these BCs also hold when the
symmetry is lowered to cubic Oh, since this form of BCs with all four wave-function components vanishing cannot
be continuously transformed to any other possible form of asymptotic BCs, which would necessarily also involve
first-order derivatives.
Regarding the physical meaning, we caution from interpreting the BCs (14) as the “hard-wall” BCs, since such
interpretation implies an infinite potential barrier, which is not meaningful in the semimetal regime of the LM.
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